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Let G be a finite group, S a subset of G"[1], and let Cay(G, S ) denote the
Cayley digraph of G with respect to S. If, for all subsets S, T of G"[1] of size at
most m, Cay(G, S )$Cay(G, T ) implies that S_=T for some _ # Aut(G), then G is
called an m-DCI-group. In this paper, we prove that, for m2, all m-DCI-groups
are of the form U_V, where ( |U |, |V | )=1, U is abelian and V belongs to an
explicitly determined list of groups. Moreover Sylow subgroups of such groups
satisfy some very restrictive conditions.  1998 Academic Press
1. INTRODUCTION
Let G be a finite group. For a subset S of G"[1], the Cayley digraph
Cay(G, S ) of G with respect to S is defined as the directed graph with vertex
set G and edge set [(a, b) | a, b # G, ba&1 # S]. If S=S&1 :=[s&1 | s # S]
then the adjacency relation is symmetric and Cay(G, S ) is called the
(undirected ) Cayley graph of G with respect to S. The group G acting by
right multiplication (that is, g : x  xg) is a subgroup of the automorphism
group of Cay(G, S ) and acts transitively on vertices. Further, each
_ # Aut(G) acting naturally on G induces an isomorphism from Cay(G, S )
to Cay(G, S_). It is of course possible for two Cayley digraphs Cay(G, S )
and Cay(G, T ) to be isomorphic without there being a _ # Aut(G) for
which S_=T (see Proposition 3.2 in Section 3 for examples). However,
there are some groups G and some subsets S of G"[1] such that for every
subset T, Cay(G, S )$Cay(G, T ) implies that S_=T for some _ # Aut(G).
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Theorem 3.1 gives some examples. The Cayley graphs Cay(G, S ) of G with
this property are called CI-graphs of G (CI stands for Cayley Isomorphism).
For some groups, all the Cayley digraphs of valency at most m are
CI-graphs.
Definition 1.1. A finite group G is called an m-DCI-group (DCI stands
for Directed Cayley Isomorphism) if every Cayley digraph of valency at
most m is a CI-graph; G is called a DCI-group if it is an m-DCI-group for
m=|G|.
Similarly, a finite group G is called an m-CI-group if every undirected
Cayley graph of valency at most m is a CI-graph; G is called a CI-group
if it is an m-CI-group for m=|G|.
It is clear from the definition that an m-DCI-group is also an n-DCI-
group for all n such that 1n<m, and similarly that an m-CI-group is an
n-CI-group for all n such that 1n<m. Also, for all m every m-DCI-group
is an m-CI-group. Thus an investigation of finite m-DCI-groups and finite
m-CI-groups should begin with small values of m.
We see from the definition that a finite group G is a 1-DCI-group if and
only if any two elements of the same order are conjugate in Aut(G).
Recently J. P. Zhang [35] published a classification of groups with this
property in the sense that he proved that any group with this property
must belong to a certain list of groups. His proof relies on the finite simple
group classification and uses a technique developed by W. Feit and
G. M. Seitz in [13] and Hering’s classification [16] of affine 2-transitive
permutation groups (see also [25, Appendix]). However we discovered
that not all of the groups G in Zhang’s list have the property that all
elements of G of the same order are conjugate in Aut(G); that is, Zhang’s
list provides a super-set of groups with this property. In this paper we
first improve Zhang’s result and then use the improved result, together
with some elementary results about Sylow subgroups of m-DCI-groups,
to obtain a classification of finite m-DCI-groups for m2, which is
reasonably complete.
There has been considerable interest for more than 30 years in DCI-
(CI)-groups and abelian m-DCI-(m-CI-)groups. It began with a conjecture,
posed by A da m [1] in 1967, that each finite cyclic group is both a CI-
group and a DCI-group. This was disproved in 1970 by Elspas and Turner
in [9] who proved that Z8 is not a DCI-group and Z16 is not a CI-group.
However the conjecture has been proved for Zn for certain classes of
integers n. The first positive result was given for n= p a prime by Elspas
and Turner [9]. The conjecture also holds for n=2pBabai [3]; n=4p,
p>2Godsil [14]; n= pq, where p and q are distinct primesAlspach
and Parsons [2], and Godsil [14]; and n divides 4k where k is an odd
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square-free integerMuzychuk [26, 27]. Moreover some noncyclic groups
were proved to be DCI-groups, namely, the dihedral groups of order
2pBabai [3]; the elementary abelian groups Z2pGodsil [14]; and Z
3
p
Dobson [8] again with p a prime. It was asked in [4] whether Zkp is a
CI-group for all primes p and k1, but recently Nowitz [28] gave a
negative answer to this question by showing that Z62 is not a CI-group.
Babai and Frankl [4] proved that if G is a CI-group of odd order then
either G is abelian or it has an abelian normal subgroup of index 3 and its
Sylow 3-subgroup is either elementary abelian, Z9 , or Z27 . They also
showed in [5] that if G is an insoluble CI-group, then G=L_N with
( |N |, |L| )=1, where L$L2(5), SL2(5), L2(13) or SL2(13) and N is a direct
product of elementary abelian groups. On the other hand, A da m’s conjec-
ture has been also proved for (undirected) graphs of valency at most 5 (see
[7, 19, 31]). The concept of an m-DCI-group was introduced by the third
author in [34] in an attempt to understand better the nature of
isomorphisms of Cayley digraphs and to identify whether there was some
integer M such that very few groups were m-DCI-groups for m>M. All
abelian m-DCI-groups for m4 have been determined in [10, 11, 12, 18],
namely they are direct products of homocyclic groups of coprime order
with extra restrictions on the Sylow p-subgroups for pm. The first and
second authors proved in [23] that the only nonabelian simple 2-CI-
groups are A5 and L2(8), and that the only nonabelian simple 3-CI-group
is A5 . However it was shown by the first author in [21] that A5 is not a
29-CI-group and SL5(5) is not a 58-CI-group. The aim of this paper is to
complete the classification of m-DCI-groups for m2.
Group Theoretic Notation. For groups G and H, G : H will denote an
arbitrary semi-direct product of G by H. In particular for an abelian group
G and a cyclic group (z) of order 2r, we write
E(G, 2r)=G : (z) such that gz= g&1 for all g # G.
These groups will occur as examples in several of our results. A group is
said to be homocyclic if it is a direct product of cyclic groups of the same
order. The groups Q8 : Z3 and Z
2
3 : Q8 occurring in this paper are non-
nilpotent groups; namely, Q8 : Z3 is the unique semidirect product in which
Z3 acts non-trivially on Q8 , and Z
2
3 : Q8 is the unique Frobenius group
which has Frobenius kernel Z23 and Frobenius complement Q8 . Other
group theoretic notation will be given in Section 2.
In Section 2, we prove several properties of 1-DCI-groups which will be
used in our analysis of m-DCI-groups for m2. In Section 3, we charac-
terize the Sylow subgroups of m-DCI-groups for m2. In Section 4 we will
classify finite m-DCI-groups for m2 in the sense that we obtain an
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explicit list of groups which contains the m-DCI-groups. Our main results
are as follows.
Theorem 1.2. Let G be a finite 2-DCI-group. Then each Sylow subgroup
of G is either homocyclic or isomorphic to Q8 . Moreover, G=U_V with
( |U |, |V | )=1, where U is abelian of odd order and V is one of the following:
(i) Zd2 , Z2r , E(W, 2
r), where W is abelian of odd order;
(ii) Q8 , A4 , Q8 : Z3 , Z
2
3 : Q8 , A5 and L2(8).
Corollary 1.3. If G is a finite m-DCI-group of odd order for some
m2, then G is abelian and every Sylow subgroup of G is homocyclic.
In subsequent work the first author has shown in [22] that L2(8) is not
a 2-DCI-group and so may be omitted from the list in part (ii). Moreover
it is proved in [22] that all other groups occurring in Theorem 1.2 really
are 2-DCI-groups. For m3, we obtain further restrictions on Sylow sub-
groups of m-DCI-groups.
Theorem 1.4. Let G be an m-DCI-group for some m3, let p be a prime
divisor of |G| and let Gp be a Sylow p-subgroup of G.
(1) If p<m then Gp is elementary abelian, or p=2 and Gp=Z4
or Q8 .
(2) If p=m, then Gp is elementary abelian or cyclic.
(3) If p>m, then Gp is a homocyclic group.
Moreover, G=U_V with ( |U |, |V | )=1, where U is abelian of odd order
and V is one of the following:
(i) Zd2 , E(W, 2), E(W, 4), where W is abelian of odd order;
(ii) Z4 , Q8 , A4 , Q8 :Z3 , Z
2
3 : Q8 and A5 .
It was proved in [21] that A5 is not a 29-CI-group, so in particular A5
is not a 29-DCI-group. Homocyclic p-groups are ( p&1)-DCI-groups:
cyclic p-groups are p-DCI-groups; and elementary abelian p-groups are
( p+1)-DCI-groups, see [20]. Nowitz [28] proved that Z62 is not a
32-DCI-group. So not all of the groups listed in Theorem 1.4, (even those
which are abelian), are m-DCI-groups for every value of m. It is difficult to
determine precisely which groups listed in Theorem 1.4 are indeed m-DCI-
groups for m3. For example, it is not known whether Z4p is a DCI-group
for every prime p, see [28, Question (1)] and [8].
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Corollary 1.5. If G is a DCI-group, then all Sylow subgroups of G are
elementary abelian or isomorphic to Z4 or Q8 . Moreover G=U_V with
( |U |, |V | )=1, where U is abelian of odd order and V is one of the following:
(i) Zd2 , E(W, 2), E(W, 4), where W is abelian of odd order;
(ii) Z4 , Q8 , A4 , Q8 : Z3 , Z
2
3 : Q8 .
Graph Theoretic Notation. In the following sections we deal with
directed graphs: a directed graph 1=(V, E ) is a graph with vertex-set V
and edge-set E, where E is a subset of ordered pairs of distinct elements
from V. For a positive integer n, Cn denotes the directed cycle of length n,
and Kn the complete directed graph on n vertices in which every ordered
pair of distinct vertices is an edge. For a directed graph 1=(V, E), its
complement 1 =(V, E ) is the directed graph with vertex set V such that
(a, b) # E if and only if (a, b)  E. The direct product 11_12 of two directed
graphs 11=(V1 , E1) and 12=(V2 , E2) is the directed graph with vertex
set V1_V2 such that ((a1 , a2), (b1 , b2)) is an edge if and only if either
(a1 , b1) # E1 and a2=b2 , or (a2 , b2) # E2 and a1=b1 . The lexicographic
product 11[12] of two directed graphs 11=(V1 , E1) and 12=(V2 , E2) is
the graph with vertex set V1_V2 such that ((a1 , a2), (b1 , b2)) is an edge if
and only if either (a1 , b1) # E1 or a1=b1 and (a2 , b2) # E2 . For a directed
graph 1=(V, E ), and a vertex x # V, the set of vertices to which x is joined
in 1 is denoted by 1(x)=[ y | (x, y) # E]. For a positive integer n and a
connected graph 1, n1 denotes the graph with n connected components,
each isomorphic to 1. For two integers l and n we write l | n to denote that
l divides n, and (l, n) denotes the greatest common divisor of l and n.
2. RESULTS ABOUT 1-DCI-GROUPS
In this section we shall improve Zhang’s classification of 1-DCI-groups
in [35] so that we can determine m-DCI-groups for m2 in the following
sections.
A 2-group G is called a Suzuki 2-group if there exists : # Aut(G) such
that (:) acts transitively on the set of involutions of G. Recently, Wilkens
[33] proved that if all involutions of a 2-group G are conjugate under
Aut(G) than G is a Suzuki 2-group. This, together with results of Shult
[29] and Gross [15], gives a good characterization of 1-DCI-groups of
prime-power order.
Theorem 2.1. Let G be a 1-DCI-group which is a p-group for some
prime p, and let 8(G) be the Frattini subgroup of G. Then one of the fol-
lowing is true:
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(1) G is homocyclic;
(2) p=2, and G=Q8 ;
(3) p=2, and G is a Suzuki 2-group and satisfies the following condi-
tions for some n2
(i) Z(G)=G$=8(G)=Zn2 , and Z(G)"[1] consists of all the
involutions of G; and
(ii) GG$ is of order 2n or 22n.
Moreover, with the possible exception of groups G satisfying (3) with
|GG$|=22n, all of the groups in (1)(3) are 1-DCI-groups.
Proof. Since G is a 1-DCI-group, all elements of order p are conjugate
under Aut(G), and in particular, all subgroups of order p are conjugate
under Aut(G). Thus by a result of Shult [29], if p is odd then G is
homocyclic. Now assume that p=2 and that G is not homocyclic. If G has
only one involution, then it follows from [24, Proposition 2.3] that
G=Q8 . So we may assume that G has more than one involution. Then by
results of Gross [15] and Wilkens [32, 33], G is a Suzuki 2-group and
properties (3) (i) and (ii) hold.
It is easy to see that homocyclic p-groups and Q8 are 1-DCI-groups.
Zhang [35, Lemma 2.2] proved that a Suzuki 2-group G of order |Z(G)|2
is a 1-DCI-group. K
Wilkens is trying to prove that all Suzuki 2-groups are 1-DCI-groups.
Recall that a group G is said to be indecomposable if G=A_B implies that
A=1 or B=1. We shall also say that G is coprime-indecomposable if
G=A_B with ( |A|, |B| )=1 implies that A=1 or B=1. For a finite group
G, we denote the Fitting subgroup of G by F(G), that is, F(G) is the largest
normal nilpotent subgroup of G. Further, for a subgroup H of G, let
H char G denote that H is a characteristic subgroup of G. If G=N : H and
H & Hx=1 for all x # G"H, then G is called a Frobenius group, and N and
H are the Frobenius kernel of G, and a Frobenius complement, respectively.
Zhang proved the following. (For a group G, ?(G) denotes the set of prime
divisors or |G|.)
Theorem 2.2. ([35, Theorem 3.1]). Let G be a 1-DCI-group. Then
G=M1_ } } } _Ml for some l1, where ( |M i |, |Mj | )=1 for i{ j, each M i
is coprime-indecomposable, and one of the following is true for each Mi :
(1) Mi=M : H, where ( |M|, |H| )=1, M is nilpotent; each Sylow sub-
group of M is either a homocyclic group, Q8 , or a Suzuki 2-group; all Sylow
subgroups of H are cyclic and |HF(H)|2; if H{1, then [H, M]=M{1.
(2) Mi=(E_T ) : ((Q8 : (:) )_C), where E, T, Q8 , (:) and C are of
pairwise coprime orders; E_T is abelian and all Sylow subgroups of E_T
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are homocyclic and E$Z2q such that ?(E )[3, 5, 7, 11, 23]; E : Q8 is a
Frobenius group; o(:)=3s for some s0, C is cyclic, [E, C(:3)]=
[T, Q8]=1 and if s=0 then T=C=1.
(3) Mi $L2(5), L2(7), L2(8), L2(9), L3(4), SL2(5), SL2(7), SL2(9), or
B : SL2(5), where B is abelian, ?(B)[11, 19, 29, 59], all Sylow subgroups
of B are homocyclic of rank 2, and Z(B : SL2(5))=1.
The next lemma will be used to improve Theorem 2.2(3). (For a group
G and elements a, b # G we shall write ‘‘atb in Aut(G)’’ to mean that
a_=b for some _ # Aut(G).)
Lemma 2.3. Let G be a 1-DCI-group and N a minimal characteristic
subgroup of G. If N=Z2p for some prime p, then |GCG(N )|=2
r3spt for
some r, s, t0.
Proof. Suppose that there exists a prime q dividing |GCG(N )| such
that q>3 and ( p, q)=1. Then there is a q-element b # G"CG(N) such that
bq # CG(N ).
Let , be the natural homomorphism: Aut(G)  Aut(N )=GL2( p),
where, for _ # Aut(G), ,(_) denotes the automorphism of N induced by _.
Also, for b # G, we shall denote by b the automorphism of G induced by
conjugation by b : ab =b&1ab for a # G. Then ,(b ) is the restriction of b
to N. Without ambiguity, we use ,(b) to denote ,(b ). If X # GL2( p), then
det(X ) and tr(X ) denote the determinant and the trace of X, respectively.
Assume that there exists an a1 # N such that a,(b)1  (a1). Let a2=a
,(b)
1 .
Then (a1 , a2) =N and so a,(b)2 =a
x1
1 a
x2
2 for some integers x1 , x2 modulo p
with x1 {0. The matrix representing ,(b) with respect to the basis [a1 , a2]
of N is therefore ( 0x1
1
x2
). Since G is a 1-DCI-group and o(b) is odd, we have
btb&1 and btb&2 in Aut(G). So tr(,(b))=tr(,(b&1))=tr(,(b2)) and
det(,(b))=det(,(b2)). If x2=0, then &x1=det(,(b))=det(,(b2))=x21 , so
x1=&1 and ,(b) is of order 4, which is a contradiction. Thus x2{0.
Since x2=tr(,(b))=tr(,(b&1))=&x2 x1 , we have x1=&1. Then x2=
tr(,(b))=tr(,(b)2)=2x1+x22=&2+x
2
2 . It follows that x2=&1 or 2
(mod p). If x2=&1, then we find that ,(b)3 is the identity matrix whence
b3 # CG(N ) and so q=3, a contradiction. If x2=2 then a,(b)1 =a2 , a
,(b)
2 =
a&11 a
2
2 . By induction on i, we have that a
,(b)i+1
1 =a
&i
1 a
i+1
2 for every i and so
a1=a,(b)
q
1 =a
&q+1
1 a
q
2 . It follows that a
q
1=a
q
2 , and since p{q it follows that
a1=a2 which is a contradiction.
Thus a,(b) # (a) for every a # N. It follows that a,(b)=ax for some fixed
integer x, independent of a, that is, the matrix for ,(b) with respect to any
basis for N is ,(b)=( x0
0
x). Since q5 and q is a prime, o(b)=o(b
2). Thus
btb2 in Aut(G) and so 2x=tr(,(b))=tr(,(b)2)=2x2 (mod p). It follows
that x=1 and so ,(b) is the identity, a contradiction. K
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This lemma allows us to eliminate some of the groups from the third
part of Theorem 2.2.
Corollary 2.4. If G is an indecomposable insoluble 1-DCI-group then G
is one of the following: L2(5), L2(7), L2(8), L2(9), L3(4), SL2(5), SL2(7) and
SL2(9).
Proof. Suppose that G is an indecomposable insoluble 1-DCI-group.
Then by Theorem 2.2, G is one of the groups listed in Theorem 2.2(3).
Suppose that G=B : SL2(5) with B{1. Let N be a minimal characteristic
subgroup of G. Then by Theorem 2.2, N=Z2p where p=11, 19, 29 or 59,
and SL2(5) does not centralize N. Hence 5 | |GCG(N )|, which is a con-
tradiction to Lemma 2.3. Thus G is one of the quasi-simple groups listed in
the corollary. K
The following lemma gives more information about the semi-direct
products occurring in the 1-DCI-groups of Theorem 2.2(1) and (2). It will
be used in Section 4.
Lemma 2.5. Let G=M : Zm be a 1-DCI-group, where M is nilpotent and
( |M|, m)=1, and suppose that M has a homocyclic Sylow p-subgroup
Gp=Zdps for some prime p. Suppose further that Gp 3 Z(G), and let
g # G"CG(Gp). Then either
(i) g2  CG(Gp) and (a) & (a g)=1 for all a # Gp ; or
(ii) g2 # CG(Gp) and a g=a&1 for all a # Gp .
Proof. Let g # G"CG(Gp) and set K=(M, g) and g =Mg # GM. Since
Gp is abelian and is the unique Sylow p-subgroup of G, we may replace g
by some power of g if necessary and assume that p |% o(g). Let n be the least
positive integer such that gn # CG(Gp). Then n | o(g) whence (n, p)=1. Now
K char G, since M char G and KM$( g ) char GM, and it follows that K
is a 1-DCI-group. Also, since MCG(Gp), g  M.
First we assume that g normalizes no non-trivial cyclic subgroup of Gp ,
that is, for all a # Gp"[1], a g  (a). Then it follows that (a) & (a g) =1
for all a # Gp . If g2 # CG(Gp), then for any a # Gp "[1], b=a g implies a=b g.
Thus (ab) g=ab. Since (a) & (a g)=1, ab{1 and hence g normalizes the
nontrivial cyclic subgroup (ab) , which is a contradiction. Therefore,
g2  CG(Gp) and part (i) holds.
Now we assume that g normalizes some nontrivial cyclic subgroup of
Gp . Let pt be the maximal order of cyclic subgroups of Gp which are
normalized by g. Take a0 # Gp such that o(a0)= pt and a g0 =a
i
0 for some
integer i with 1i< pt. We use the following steps to prove the lemma.
171ISOMORPHISMS OF CAYLEY GRAPHS
File: DISTL2 182009 . By:CV . Date:22:06:98 . Time:16:08 LOP8M. V8.B. Page 01:01
Codes: 3174 Signs: 1935 . Length: 45 pic 0 pts, 190 mm
(1) For any a # Gp with o(a)= pt, a g=ai(a) for some integer i(a) with
1i(a)< pt.
Since o(a)=o(a0) and K is a 1-DCI-group, there is an element
: # Aut(K) such that a:0=a. Now g
:=cg j for some c # MCK (Gp) and
some integer j coprime to n. Thus
g& jag j= g& jc&1acg j=(g:)&1 a:0g
:=(g&1a0g):=(a i0)
:=ai.
Since ( j, n)=1, there is an integer k such that jk#1 (mod n), so
ag= g& jkag jk=(g& j)k a( g j)k=a ik=ai(a) for some i(a) with 1i(a)< pt.
(2) For any a # Gp such that (a) & (a0)=1 and o(a)= pt, i(a)=i.
Since o(a)=o(a0a)= pt, by Step (1) we have a g=ai(a) and (a0a) g=
(a0a) i(a0a), where 1i(a), i(a0a)< pt. Thus
a i0 a
i(a)=a g0 a
g=(a0 a) g=(a0 a) i(a0a)=ai(a0a)ai(a0a).
So a i&i(a0a)0 =a
i(a0a)&i(a). Since (a0) & (a) =1, it follows that i(a)=
i(a0a)=i.
(3) For any a # Gp with o(a)= pt, i(a)=i.
If Gp is cyclic, the result is true so suppose that Gp is not cyclic. If
(a) & (a0)=1 then the conclusion follows from Step (2). So assume that
(a) & (a0){1. Since Gp is homocyclic, there is b0 # Gp such that
(a0 , b0) $Z2pt , and by Step (2), i(b0)=i. Since (a) & (a0) {1, we have
(a) & (b0)=1. By Step (2), i(a)=i(b0)=i.
(4) There exists an integer = # [1, &1] such that, for all a # Gp with
o(a) pt, a g=a=.
By Step (3) and since Gp is homocyclic, a g=ai for all a # Gp with
o(a) pt. Since K is a 1-DCI-group, there is : # Aut(K) such that g:= g&1.
Since Gp is a characteristic subgroup of K, a$ :=a: # Gp . Therefore
ga$g&1=(g&1ag):=(a i):=a$i, and so using Step (3) a$= g&1a$ ig=a$i2.
Thus i2#1 (mod pt), and so i#\1 (mod pt).
(5) For all a # Gp , a g=a&1.
We first prove that pt= ps, the exponent of Gp . Suppose to the contrary
that pt< ps. Take an element a # Gp with o(a)= pt+1. By the maximality
of t, a g  (a). However, since o(a p)= pt, by Step (4), (a p) g=a=p. Thus
(a) & (a g)=(a p) , and so (a, a g)$Zpt+1 _Zp . Hence a g=a jc for some
integer j and some c # Gp such that o(c)= p and (a) & (c) =1. Therefore,
a jp=(a jc) p=(a g) p=(a p) g=a=p. Consequently, jp#=p (mod pt+1), and so
j=kpt+= for some integer k. Thus a g=a jc=a=akptc. Let c$=akptc. Then
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we have o(c$)= p, (c$) & (a)=1, a g=a=c$ and c$ g=c$= since o(c$)=
p< pt+1. It is easy to show by induction on l that
a gl={a
=c$ l,
ac$=l,
if l is odd,
if l is even,
for 1ln. If n is even then a=a gn=ac$=n and so c$=n=1, contrary to the
fact that ( p, n)=1. Hence n is odd and we have a=a gn=a=c$n and so
c$n=a1&=. Since (c$) & (a) =1, we have c$n=1, which is a contradiction.
Hence pt equals the exponent ps of Gp . By Step (4), for all a # Gp , a g=a=.
If ==1 then g # CG(Gp), which is a contradiction. Thus ==&1 and so
ag=a&1 and a g2=a for all a # Gp . K
3. SYLOW SUBGROUPS OF m-DCI-GROUPS
In this section, we show that the Sylow subgroups of m-DCI-groups
have very restricted structure by refining the information given in
Theorem 2.2. Using some of the ideas of Feit and Seitz to extend Zhang’s
result [35], the first two authors showed in [23] that very few nonabelian
simple groups are 2-CI-groups or 3-CI-groups.
Theorem 3.1. ([23, Theorem 1.3]). Suppose that G is a nonabelian
simple group. Then
(i) G is a 2-CI-group if and only if G=A5 or L2(8);
(ii) G is a 3-CI-group if and only if G=A5 .
This result, together with the results of Section 2, allows us to prove
stronger restrictions on the Sylow subgroups of m-DCI-groups for m2
than those implicit in Theorem 2.2 for 1-DCI-groups. Our arguments
involve the construction and analysis of several classes of Cayley digraphs.
Proposition 3.2. Let m be an integer, m2. Suppose that G is an
m-DCI-group, let p be a prime dividing |G|, and let Gp be a Sylow
p-subgroup of G.
(i) If p>m then Gp is homocyclic;
(ii) if p=m then Gp is elementary abelian, cyclic, or p=2 and
Gp=Q8 ;
(iii) if p<m then Gp is elementary abelian, or p=2 and Gp is Z4
or Q8 .
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Proof. First we make some observations based on Theorems 2.2
and 3.1. Since m-DCI-groups (m2) are 1-DCI-groups and are 2-DCI-
groups, G satisfies one of (1)(3) of Theorem 2.2, and in part (3), L2(7),
L2(9) and L3(4) are not possibilities for G. Moreover, since all Sylow
subgroups of odd order of L2(5), L2(8), SL2(5), SL2(7) and SL2(9) are
homocyclic (see the Atlas [6]), it follows from Theorem 2.2 that all Sylow
subgroups of G of odd order are homocyclic, and in particular that part (i)
is true.
Suppose next that m= p. Assume that G has two subgroups H=(a)
and K=(b)_(c) , where o(a)= p2 and o(b)=o(c)= p. Take S=a(a p)
and T=b(c). Clearly, for any x, y # S, we have xS= yS=a2(a p) , and
hence, for 1=Cay(H, S ), 1(a)=1(a p+1)= } } } =1(a( p&1) p+1). It follows
that Cay(H, S )$Cp[K p]. Similarly, for any x, y # T, we have xT= yT=
b2(c), and hence, for 1=Cay(K, T), 1(b)=1(bc)= } } } =1(bc p&1). Thus
Cay(K, T )$Cp[K p]. The graphs Cay(H, S ) and Cay(K, T) are connected
components of Cay(G, S ) and Cay(G, T ) respectively. So Cay(G, S )$
Cay(G, T ). However, because o(a)= p2 and every element in T has order
p, no automorphism of G maps S to T. This contradicts the fact that G is
a p-DCI-group. Thus Gp cannot have both Zp2 and Zp _Zp as subgroups.
Suppose that the exponent exp(Gp) of Gp is greater than p. Then G has
a subgroup isomorphic to Zp2 . So G does not have a subgroup isomorphic
to Z2p . It follows that Gp has only one subgroup of order p. By [30, p. 59],
either Gp is cyclic or p=2 and G2 is a generalized quaternion group.
Suppose that G2 is a generalized quaternion group, that is,
G2=(x, y | x2
n
=1, y2=x2n&1, y&1xy=x&1) ,
where n2. If n3, then G2 contains elements a, b and c such that
(a, b)$Q8 and (c)$Z8 . Set S=[c, c3] and T=[a, b]. We claim that
Cay((S) , S )$Cay((T) , T ). Let \ be the following map from (S) to
(T):
{1  1,c4  a2,
c  a,
c5  a3,
c2  ab,
c6  ba,
c3  b,
c7  b3.
Note that a2=b2. It is straightforward to check that \ is an isomorphism
from Cay((S) , S ) to Cay((T) , T). Clearly there is no : # Aut(G) such
that S:=T, a contradiction. Thus n=2 and G2=Q8 . Now suppose that
exp(Gp)= p. If p=2 then Gp is elementary abelian. We have already shown
that Gp is homocyclic when p is odd, and it follows that in this case also
Gp is elementary abelian. Therefore, part (ii) is true.
Finally suppose that p<m. Since G is also a p-DCI-group it follows
from (ii) that Gp is elementary abelian, cyclic or Q8 . Suppose that Gp is
cyclic of order at least p2. Then G has a subgroup H=(a) $Zp2 . Suppose
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that p is odd. Set S=a(a p) _ [a p] and T=a(a p) _ [a2p]. Let 1=
Cay(H, R), where R=a(a p). We proved above that 1=Cay(H, R)$
Cp[K p]. Thus the vertex set of Cay(H, R) may be partitioned as  p&1i=0 Vi ,
where Vi=ai(a p) such that for x # Vi , 1(x)=V i+1 (reading the subscript
modulo p). Now Cay(H, [a p])$ pCp and has connected components Vi ,
0i< p. Thus Cay(H, S )$Cp[Cp]. Similarly Cay(H, [a2p])$ pCp and
has connected components Vi , 0i< p, and so Cay(H, T )$Cp[Cp]$
Cay(H, S ). Hence Cay(G, S )$Cay(G, T). If : # Aut(G) is such that S:=T
then a:=aip+1 for some i. Thus
(a p):=(a:) p=(aip+1) p=aip2+ p=a p  T,
a contradiction. Hence p=2.
Now suppose that G has a subgroup H=(a) $Z8 . Define
S=[a, a5, a2] and T=[a, a5, a6]. We claim that Cay(H, S )$Cay(H, T ).
Observe that the vertex-sets of these two graphs satisfy V(Cay(H, S ))=
(a2) _ a(a2) =(a6) _ a(a6) =V(Cay(H, T )). It is straightforward to
check that the following map is an isomorphism from Cay(H, S ) to
Cay(H, T ):
{1  1,a  a,
a2  a6,
a3  a7,
a4  a4,
a5  a5,
a6  a2,
a7  a3.
Thus Cay(G, S )=(|G|8) Cay(H, S )$( |G|8) Cay(H, T )=Cay(G, T). If
there is an : # Aut(G) such that S:=T, then a:=a or a5, so then (a2): is
equal to a2 or a10 (=a2) respectively, neither of which is in T, a contradic-
tion. Thus Gp=Z4 and the proof is complete. K
Remark 3.3. The proof of Proposition 3.2 shows that parts (i) and (ii)
are the best possible results for certain primes. We summarize some conse-
quences of the graph constructions given in the proof.
(a) Consider the generalized quaternion group Q=Q16 of order 16
defined by
Q=(x, y | x8=1, y2=x4, y&1xy=x&1).
Now Q is not a 1-DCI-group since Cay(Q, [x2])$Cay(Q, [ y]) but x2, y
are not conjugate in Aut(Q). Note that this simple observation could not
be used in the proof of Proposition 3.2 since x2, y may have been conjugate
in Aut(G). We observe moreover that Q does not have the ‘‘2-DCI-
property’’ (that is, there are two subsets S, T of Q such that Cay(Q, S )$
Cay(Q, T ) but S, T are not conjugate in Aut(Q)). For if S=[x, x3]
and T=[x2, y], then Cay(G, S )$2 Cay((S) , S )$2 Cay((T) , T )$
Cay(G, T ) while no automorphism of G maps S to T.
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(b) It was shown in [20] that, for all primes p, G=Zp2 _Zp2 is a
( p&1)-DCI-group. However G=Zp2 _Zp2 is not a p-DCI-group. For if
G=(a)_(b) with a, b of order p2, and if S=a(a p) and T=a p(b p) ,
then Cay(G, S )$Cay(G, T )$Cp[K p] while S cannot be mapped to T by
any automorphism of G.
(c) For all odd primes p, G=Zp2 is a p-DCI-group, see [20], but it
is not a ( p+1)-DCI-group for if S=a(a p) _ [a p] and T=a(a p) _
[a2p], then Cay(G, S )$Cay(G, T )$Cp[Cp] while no automorphism of G
maps S to T.
4. PROOFS OF THEOREM 1.2 AND THEOREM 1.4
This section is devoted to proving the main theorems. First we analyze
coprime-indecomposable 2-DCI-groups G. Such groups satisfy one of (1),
(2) or (3) of Theorem 2.2, and we shall treat these cases separately. The
most difficult case is that where G satisfies Theorem 2.2(1), that is,
G=M : H such that ( |M|, |H| )=1, M is nilpotent, every Sylow subgroup
of H is cyclic, and |HF(H)|2. We shall use the next three lemmas
to treat this case. By Proposition 3.2, each Sylow subgroup of M is
homocyclic or Q8 . First we treat the case where M=Q8 .
Lemma 4.1. Suppose that G is a 2-DCI-group which is coprime-indecom-
posable and is not nilpotent. Suppose further that G satisfies Theorem 2.2(1)
and that G=M : H with M=Q8 . Then H$Z3 .
Proof. Since ( |M| , |H| )=1, H is of odd order. Thus H=F(H), that is,
H is nilpotent. Since all Sylow subgroups of H are cyclic, H is cyclic. Note
that GCG(M)Aut(M)$S4 . Since M=Q8 is a Sylow 2-subgroup of
G, GCG(M)A4 . If 3 |% |GCG(M)| then a Hall 2$-subgroup G2$ of G
centralizes M, so G=M_G2$ , which is a contradiction since G is
coprime-indecomposable. Thus 3 | |GCG(M)|. If there is a prime q>3
dividing |H|, then a Sylow q-subgroup Hq of H centralizes M. Thus
G=M : (Hq$_Hq)=(M, Hq$)_Hq where Hq$ is a Hall q$-subgroup of H,
contrary to the assumption that G is coprime-indecomposable. Hence H is
a 3-group, namely, H=( g)=Z3k+1 for some k0. Suppose that k1.
Since 9 |% |Aut(M)|, g3 # CG(M) and g3{1. It is easy to see that there are
three distinct elements a1 , a2 and a3 of M of order 4 such that g&1a1 g=a2 ,
g&1a2 g=a3 and (a1 , a2) =(a1 , a3)=(a2 , a3) =M. Let S=[a1 , a2 g3]
and T=[a1 , a3 g3]. Then (S) =M_( g3). Clearly, \ : a1  a1 , a2  a3 ,
g3  g3, and \ lifts to an isomorphism from (S) to (T) such that S\=T.
Thus Cay((S) , S )$Cay((T) , T ) and so Cay(G, S )$Cay(G, T). Since G
is a 2-DCI-group, there is an : # Aut(G) such that S:=T. Thus a:1=a1 and
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(a2 g3):=a3 g3, so a:2=a3 and (g
3):= g3. Since G=M : ( g) , g:=cgi for
some c # M and some integer i. Thus g3=(g3):=(g:)3=(cgi)3=c$g3i for
some c$ # M. Therefore, c$= g3(1&i) # H & M=[1], so c$=1 and i#1
(mod 3k). So we have i= j3k+1 for some j. Noting that c&1a1 c=a=1 for
some ==\1 and g3k commutes with a=1 , we have
a3=a:2=(g
&1a1 g):= g&ic&1a1 cgi= g& j3
k&1a=1 g
& j3k+1= g&1a =1 g=a
=
2 ,
which is a contradiction. Thus H$Z3 . K
The next two lemmas treat coprime-indecomposable 2-DCI-groups G
which satisfy Theorem 2.2(1) with M{Q8 . First we make some observa-
tions on the structure of H. Since |HF(H)|2 and F(H) is nilpotent, a
Hall 2$-subgroup of H is a subgroup of F(H) and so is cyclic. Therefore,
we may write H=(h) : (z) and G=M : H=M : ((h) : (z) ) such that
(h) is the Hall 2$-subgroup of H and (z) is a Sylow 2-subgroup of H.
(Note that (h) : (z) itself may be cyclic.) Since ( |M|, |H| )=1, if (z) {1
then (z) is also a Sylow 2-subgroup of G. For such a group G, by
Proposition 3.2 each Sylow subgroup of M is homocyclic or Q8 , and
hence, since M{Q8 , M has a nontrivial homocyclic Sylow subgroup.
Lemma 4.2. Suppose that G is a 2-DCI-group which is coprime-indecom-
posable and is not nilpotent. Suppose further that G=M : H satisfies
Theorem 2.2(1) such that M has a nontrivial homocyclic Sylow p-subgroup
Gp for some prime p, and H=(h) : (z) where (h) is a Hall 2$-subgroup of
H and (z) is a Sylow 2-subgroup of H. If there exists a cyclic subgroup of
Gp which is not normalized by h, then p=2 and G=A4 .
Proof. We have Gp=Zdps , for some positive integers s and d. Let 0 be
the set of all elements of Gp of order ps. Suppose that there is a subgroup
(a) of Gp which is not normalized by h. Without loss of generality we may
assume that a # 0. Let o(h)= pr11 } } } p
rn
n for distinct odd primes p1 , ..., pn .
Then h=h1h2 } } } hn where (hi) is the Sylow pi -subgroup of (h) for
each i. If every hi normalized (a) then h would normalize (a) , which is
not the case, and so there exists j such that hj does not normalize (a) .
Set q= pj (an odd prime), Gq=(hj), and F=M : Gq . Since
Gq char (h) char (h) : (z), we have F char G. It follows that F is a
2-DCI-group. Since hj does not normalize (a) , it follows from Lemma 2.5
that (x) & (xhj)=1 for each x # Gp . In particular, Gp is not cyclic so
d2. Let g be an element of Gq of minimal order such that
(x) & (x g)=1 for all x # Gp . Then (x) & (x g
q){1 for some x # Gp . If
gq  CF (Gp) then by Lemma 2.5, gq inverts every element of Gp and
(gq)2 # CF (gp) so q=2, which is a contradiction. Therefore gq # CF (Gp).
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Now set b :=a g. Then (a) & (b) =1 and hence (a, b)=Z2ps . Thus
a, b # 0 and for any x # 0, either (a) & (x) =1 or (b) & (x)=1.
Assume that (a) & (x) =1. Set S=[a, b] and T=[a, x]. Then
Cay((S) , S)$Cps _Cps $Cay((T) , T ) and so Cay(F, S)$ |F | p&2s
(Cps _Cps)$Cay(F, T ). Since F is a 2-DCI-group, there exists : # Aut(F )
such that S:=T so that (a:, b:)=(a, x) or (x, a). Since (g:)&1 a:g:=
(g&1ag):=b:, we have either (g:)&1 ag:=x (if b:=x) or (g:)&1 xg:=a (if
b:=a so that a:=x). Hence (g:)&= a(g:)==x, where ==\1. Since
M : ( g) char F, g$ :=(g:)==cgi for some element c of M and some integer
i. Since g$&1ag$=x, we have (noting that c commutes with a)
g&iagi=(cgi)&1 a(cgi)= g$&1ag$=x.
If on the other hand (b) & (x) =1 then a similar argument proves that
b is conjugate to x by some element of ( g). Since a g=b, in either case we
have that a is conjugate to x by an element of ( g). Hence ( g) is transi-
tive on 0.
Since ( g) & CF (Gp) is contained in the kernel of the action of ( g)
on 0 by conjugation, it follows that |0| divides o(g)|( g) & CF (Gp)|.
Moreover |0|= pds& pd(s&1) p2&1 since d2. Since gq # CF (Gp) and q
is prime, it follows that |0|=q and so we must have s=1, p=2 and
q=2d&1.
Since ( |M| , |H| )=1, H is of odd order, so z=1. Write M=M2$_G2
where M2$ is a Hall 2$-subgroup of M. Suppose that M2$ {1. Then M2$
has a nontrivial Sylow p1 -subgroup Gp1 for some prime p1 {2. By
Theorem 2.2(1), Gp1 is homocyclic. By our arguments above, h normalizes
every cyclic subgroup of Gp1 (since p1 {2). If h centralizes Gp1 then,
since Gp1 centralizes M, G=M : (h)=(Gp1_Mp$1) : (h)=Gp1 _(Mp$1 : (h) )
where Mp$1 is a Hall p$1 -subgroup of M, contradicting the assumption that
G is coprime-indecomposable. Thus h does not centralize Gp1 , and so by
Lemma 2.5, h inverts every element of Gp1 and consequently h is of even
order, a contradiction. Hence M2$=1 and G=G2 : (h).
Let C=C(h)(G2). Now ( g) and hence (h) acts transitively on G2"[1]
by conjugation, and C is the kernel of this (h)-action. Since (h) is abelian
it must induce a regular action on G2"[1] and hence |(h) : C |=
|G2 "[1]|=2d&1=q. If there is a prime q1 {q dividing |(h) |, then a
Sylow q1 -subgroup Gq1 of (h) centralizes G2 and so G=G2 : ((h) q$1 _Gq1)
=(G2 : (h) q$1)_Gq1 where (h) q$1 is a Hall q$1-subgroup of (h), contrary
to the assumption that G is coprime-indecomposable. Therefore, (h) is a
q-group, and so C=(hq). Since g  C it follows that (h)=( g) and
G=G2 : ( g)=Zd2 : Zqk+1 for some k0.
If ( g) $3 Zq then 1{ gq # C. Since 2d&1=q3, there are three distinct
elements a1 , a2 , a3 # G2 such that g&1a1 g=a2 and g&1a2 g=a3 . Set
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S=[a1 , a2 gq] and T=[a1 , a3 gq]. Then clearly Cay((S) , S)$K2_C2qk
$Cay((T) , T ) and thus Cay(G, S)$Cay(G, T ). Since G is a 2-DCI-
group, there is an : # Aut(G) such that S:=T. Hence a:1=a1 and (a2 g
q):
=a3 gq, so a:2=a3 and (g
q):= gq. Since G=G2 : ( g) , we have g:=cgi
for some i with (i, q)=1 and some c # G2 . Thus gq=(gq):=(g:)q=
(cgi)q=c$g iq, for some c$ # G2 . It follows that c$=1 and i#1 (mod qk), so
i= jqk+1 for some integer j. Therefore (noting that c and gq commute
with a1),
a3=a:2=(g
&1a1 g):= g&ic&1a1 cgi= g& jq
k&1a1 g jq
k+1= g&1a1 g=a2 ,
which is a contradiction. Thus ( g)=Zq=Z2d&1 and G=Zd2 : Z2d&1 .
Next we investigate Aut(G). Since G has trivial centre we may identify G
with the inner automorphism group of G. We claim that CAut(G)(M)=M.
Suppose that : # CAut(G)(M). Now ( g:) is a Sylow q-subgroup of G, and
M is transitive by conjugation on the set of Sylow q-subgroups of G. Hence
there is some x # M such that ( g:x) =( g) , so g:x= gi for some integer i
such that 0<i<q. This means that g:=xgix&1. Let y # M. Then
g&1yg # M, and : and x centralize M, so we have
g&1yg=(g&1yg):=(g:)&1 yg:=xg&ix&1yxgix&1= g&iyg i.
Hence gi&1 centralizes each element y # M, so gi&1=1, that is i=1.
Therefore :x centralizes (M, g) =G and hence :x=1, that is,
:=x&1 # M. Thus we have proved that Aut(G)M is isomorphic to a sub-
group of Aut(M)=GLd (2), and has a normal subgroup GM$Z2d&1 . It
follows that Aut(G)MZ2d&1 : Zd .
Since G is a 1-DCI-group, all elements of G of order q are conjugate in
Aut(G). The number of such elements is 2d (q&1), but |Aut(G) : CAut(G)(g)|
divides (2d } q } d )q=2d } d, which is less than 2d (q&1) unless q=3. There-
fore, q=3 and G$A4 . This completes the proof of the lemma. K
The following lemma completes the classification of 2-DCI-groups which
satisfy Theorem 2.2(1).
Lemma 4.3. Suppose that G is a 2-DCI-group which is coprime-indecom-
posable and is not nilpotent. Suppose further that G=M : H satisfies
Theorem 2.2(1). Then G=A4 , Q8 : Z3 or E(M, 2r) for some r1.
Proof. If M=Q8 , then by Lemma 4.1, G=Q8 : Z3 . Thus assume that
M{Q8 , and so by Proposition 3.2, M has a nontrivial homocyclic Sylow
subgroup. From the discussion before Lemma 4.2, we may write
H=(h) : (z) such that (h) is the Hall 2$-subgroup of H and (z) is a
Sylow 2-subgroup of H (so either (z) =1 or (z) is a Sylow 2-subgroup
of G). If there is a homocyclic Sylow p-subgroup Gp of M such that some
cyclic subgroup of Gp is not normalized by h, then by Lemma 4.2, G=A4 .
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Thus we may assume that, for every homocyclic Sylow p-subgroup Gp
of M, h normalizes all cyclic subgroups of Gp . Let W be the maximum
abelian Hall subgroup of M. By Proposition 3.2, W is nontrivial and either
M=W, or M=W_Q8 .
Suppose that h does not centralize W. Then h does not centralize some
(homocyclic) Sylow subgroup Gp1 of W. Thus Gp1 does not lie in the centre
of M : (h) . It then follows from Lemma 2.5 that h inverts every element of
Gp1 and h
2 # CG(Gp1). Since h has odd order this means that h # CG(Gp1)
which is a contradiction. Hence h centralizes W. If M=W_Q8 , then H
is of odd order, and consequently z=1 and G=(W_Q8) : (h) =
W_(Q8 : (h) ), contrary to the assumption that G is coprime-indecom-
posable. Thus M=W and G=M : H=M : ((h) : (z) )=(M_(h) ) : (z).
Since G is coprime-indecomposable and is not nilpotent, z centralizes no
Sylow subgroup of M_(h) . Thus o(z)>1 and so M_(h) has odd order
and is abelian. It follows from Lemma 2.5 that z inverts all elements of
M_(h) , so G=E(M_(h) , 2r) where 2r=o(z). K
The next lemma analyses the groups listed in Theorem 2.2(2) to decide
which of them are 2-DCI-groups.
Lemma 4.4. Suppose that G is a 2-DCI-group which is coprime-inde-
composable. Suppose further that G=(E_T ) : ((Q8 : (:) )_C) as in
Theorem 2.2(2). Then G=Z23 : Q8 .
Proof. By Theorem 2.2(2), (T, Q8)=T_Q8 . It follows that F :=
E : Q8 is a characteristic subgroup of G. So F is a 2-DCI-group. By
Theorem 2.2(2), F is a Frobenius group with E the Frobenius kernel and
Q8 a Frobenius complement, so F is indecomposable. Let Ep be a Sylow
p-subgroup of E. Then Ep=Z2p , for some r0, where p # [3, 5, 7, 11, 23].
Choose b1 # Ep with order pr. Suppose that, for all x # Q8 , (b1) & (b21)
{1. Then Q8 normalizes (b p
r&1
1 ) . Since Q8 is a Frobenius complement for
F, no element of Q8"[1] centralizes (b p
r&1
1 ) , that is Q8 acts faithfully as
a group of automorphisms of (b pr&11 )$Zp . This is a contradiction since
the automorphism group of (b pr&11 ) is cyclic. Therefore, there exists an ele-
ment x # Q8 such that (b1) & (b21) =1. Let b2 :=b
x
1 and let b be an
arbitrary element of Ep of order pr. Assume first that (b1) & (b) =1. Set
S=[b1 , b2] and T=[b1 , b]. Then Cay((S), S)$Cpr_Cpr $Cay((T) , T)
and so Cay(F, S)$Cay(F, T). Since F is a 2-DCI-group, there is an
element _ # Aut(F ) such that S_=T. Hence [b1 , b2]_=[b1 , b]. Since
x&1b1x=b2 , (x&1)_ b_1 x
_=b_2 is equal to either b or b1 . Therefore,
(x_)&= b1(x_)==b where ==1 or &1. Now (x_)==cx$ for some c # E and
x$ # Q8 . Since c commutes with b1 , b1 is conjugate to b by x$. If on the
other hand (b1) & (b){1 then (b2) & (b)=1. A similar argument
shows that b2 is conjugate to b by some element of Q8 . Since b2=bx1 , in
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either case we have that b1 is conjugate to b by an element of Q8 . Hence
Q8 acts transitively on the set 0 of all elements of E of order pr by conjuga-
tion. Thus p2(r&1)( p2&1)= p2r& p2(r&1)=|0| | 8. Since p3, it follows
that p=3 and r=1. In particular E=Ep=Z23 . By Theorem 2.2(2), (:) =1
and T=C=1. Thus G=F=Z23 : Q8 . K
The final lemma analyses the third type of 2-DCI-groups in Theorem 2.2.
Lemma 4.5. Suppose that G is a 2-DCI-group which is coprime-indecom-
posable. Suppose further that G is one of the groups in Theorem 2.2.(3). Then
G=A5 or L2(8).
Proof. Since G is a 1-DCI-group satisfying Theorem 2.2(3), it must be
one of the list of groups in Corollary 2.4. Moreover, since G is a 2-DCI-
group, by Proposition 3.2, a Sylow 2-subgroup of G is elementary abelian,
cyclic or Q8 . It follows that G is one of L2(5)$A5 , L2(8), SL2(5). We need
to show that SL2(5) is not a 2-DCI-group.
Suppose that G=SL2(5). Then Aut(G)$PGL2(5). Consider the group
X=GL2(5). We may identify G with its subgroup SL2(5) and Aut(G) with
its quotient group GL2(5)Z where Z=Z(GL2(5))=(z) $Z4 . Take
a, y # G such that o(a)=5, o( y)=4 and y&1ay=a&1. Then y2=z2. Let
H=(a, y) , and let S=[a, y] and T=[a, y&1]. It is straightforward to
calculate that there exists : # Aut(H) such that a:=a and y:= y&1. Since
: sends S to T, : induces an isomorphism from Cay(H, S) to Cay(H, T ),
and so Cay(G, S)$Cay(G, T ). Since G is a 2-DCI-group, there is a
_ # Aut(G) such that S_=T. Thus a_=a and y_= y&1. Now _=Zb where
b is a preimage of _ under GL2(5)  Aut(G). It follows that in GL2(5) we
have ab=a and yb= y&1. Thus b # CGL2(5)(a)=(a)_(z) . Therefore,
b&1yb{ y&1, which is a contradiction. K
Now it is easy to complete the proofs of Theorems 1.2 and 1.4.
Proof of Theorem 1.2. Let G be a finite 2-DCI-group. Since 2-DCI-
groups are 1-DCI-groups, by Theorem 2.2,
G=M1_ } } } _Ml ,
where l1, if i{ j then ( |Mi |, |M j | )=1, and each Mi is coprime-indecom-
posable. For each i, Mi char G and hence Mi is a 2-DCI-group. Sup-
pose that Mi is nilpotent. Then Mi is a Sylow p-subgroup of G. By
Proposition 3.2, if p=2 then Mi is elementary abelian, cyclic or Q8 , and
if p is odd then Mi is homocyclic. Suppose that Mi is non-nilpotent.
By Lemmas 4.34.5, Mi=A4 , Q8 : Z3 , Z23 : Q8 , A5 , L2(8) or E(M, 2
r). Thus
Theorem 1.2 is true. K
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Proof of Theorem 1.4. By Proposition 3.2, noting that m3 we have
that (1), (2) and (3) of the theorem are true. Since 3-DCI-groups are
2-DCI-groups and a Sylow 2-subgroup is elementary abelian, Z4 or Q8 , the
remaining assertions follow from Theorem 1.2 and Theorem 3.1. K
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